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Abstract 

The Grobner stratum of a monomial ideal j is an affine variety that parametrizes the 
family of all ideals having j as initial ideal (with respect to a fixed term ordering) . The 
Grobner strata can be equipped in a natural way of a structure of homogeneous variety 
and are in a close connection with Hilbert schemes of subvarieties in the projective space 
P" . Using properties of the Grobner strata we prove some sufficient conditions for the ra- 
tionality of components of Tiilbpj^). We show for instance that all the smooth, irreducible 
components in Tiilb^j-^) (or in its support) and the Reeves and Stillman component Hug 
are rational. 

1 Introduction 

The aim of the present paper is to investigate effective methods to study the Hilbert schemes 
of subvarieties in the projective space P", both on the theoretical and the computational 
point of view, using Grobner basis tools. Several authors have been working in this direction 
during last years, but our motivations mainly refer to some ideas and hints contained in a 
paper by Notari and Spreafico ([13]). In order to get a stratification of 'T^ilbp^^-j , they introduce 
some affine varieties St{j) (here called Grobner strata) parameterizing families of ideals in 
k[XQ, . . . ,X„] having the same initial ideal j with respect to a fixed term ordering on the 
monomials. When only homogeneous ideals in k\XQ, . . . are concerned, we write 4St/i(j). 
The ideal defining a Grobner stratum springs out of a procedure based on Buchberger's 
algorithm, but involves a reduction with respect to a set of polynomials which is not a 
Grobner basis. 

It is not difficult to realize that the support of St(j) only depends on the initial data (the 
term ordering, the ideal j, etc.), but one cannot be beforehand sure that different choices in 
the reduction steps always lead to the same ideal. In other words it is not clear if Grobner 
strata are scheme-theoretically well defined. This is a crucial point: if anyone wants to deduce 
properties of an Hilbert scheme using a Grobner stratum, it is necessary to consider carefully 
the non-reduced structures, because "T^ilbp^^-j can have non-reduced components (see [7], [8] 
and [E]). A first achievement in this paper is the following result (see Theorem 13. 6p : 
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Theorem A. The ideal defining St{j) does not depend on the reduction choices. 

In fact we exhibit an equivalent, but intrinsic definition for the ideal of St{j), which by 
the way also allows a great simplification in the procedure for an explicit computation of this 
ideal. 

A meaningful property that all Grobner strata enjoy is that they are homogeneous with 
respect to some non-standard graduation. Homogeneous varieties are of a very special type: 
for instance they can be isomorphically embedded in the Zariski tangent space at the origin, 
which is of course the smallest afhne space in which such an embedding can be done. Therefore 
a smooth homogeneous variety has to be isomorphic to an affine space; in fact, the variety 
has the same dimension as the space in which it can be embedded. For these and other 
properties of the homogeneous structure, we refer to [16] and [3] (for the zero-dimensional 
case, see also [HI Corollary 3.7]). In the quoted papers, it is explained how one can obtain 
directly the ideal of St{j) in the "minimal embedding" in the Zariski tangent space, through 
a preliminary detection of a maximal set of "eliminable variables" (we briefly resume this 
method in § This is a second key point in our work, because one of the main difficulties 
usually met studying Grobner strata (and even more Hilbert schemes) is due to the huge 
number of variables that their equations involve, even in very simple cases. Besides the 
obvious computational gain, we would like to underline the interesting theoretical outcome of 
this method: most of our proofs are obtained just using the minimal embedding. In this way 
we can show, for instance, that there are many different monomial ideals whose homogeneous 
Grobner strata are canonically isomorphic (Proposition 14.71 and Corollary 14. Sp . so that we 
can equivalently take into consideration either one of them. 

Theorem B. Consider a term ordering ^ in k[XQ, . . . , A„] such that A„ y ■ ■ ■ y Xq and let 
j C k[XQ, . . . , Xn] be a Borel-fixed, saturated monomial ideal. If Xi does not appear in any 
monomial of the base of ] of degree > s, then for every m ^ s: 

) ■ 

Especially, if Xi does not appear in the base of), then for every m: 

sthiS) ^ sthij 

In § [5] and § [6] we investigate more closely the natural connection between the Grobner 
stratum Sth{]) and the Hilbert scheme T^ilb^^^-j, where p{z) is the Hilbert polynomial of 
fe[Ao, . . . , Xn]/h As k[XQ, . . . , Xn]/i and k[XQ, . . . , Xn]/) share the same Hilbert function, 
there is an obvious set-theoretic inclusion Sth{]) C Tiilb^^^-j. However it is not a simple task 
to understand if this inclusion is an algebraic embedding or not. The paper [13] deals with 
the same question, but mainly concerns Grobner strata of saturated ideals with respect to the 
term ordering DegRevLex: note that every subscheme Z in P" can be defined by the saturated 
ideal I{Z). In this paper we prefer to consider a slightly different approach, modeled on the 
classical construction of the Hilbert schemes. For every Z G TYilbp^-^-) we consider the ideal 
I{Z)^r, where r is the Gotzmann number of p{z). As r is the worst Castelnuovo-Mumford 
regularity for all Z G ^ilbp^-^-j, the Grobner strata (with respect to any term ordering) of 
monomial ideals generated in degree r cover "Hilbp^^-j. 

Moreover, the subset of TCilhp^^^ corresponding to Sth{j^r) always contains the one corre- 
sponding to Sth{j) and the inclusion can be strict, because ideals in <St/j(j) define subvarieties 
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in P" with the same Hilbert function as the subscheme Z = V(j), while being in Sth{j^r) 
only requires the same Hilbert polynomial. An interesting example of this type is that of the 
lexicographic saturated ideal £ such that k[XQ, . . . has Hilbert polynomial p{z) and 

whose regularity is indeed the Gotzmann number r of p{z): in §[7] we show that St^i^^r) is 
isomorphic to an open subset of the Reeves and Stillman component -ff/js of ^^^^^(z) > while in 
general corresponds to a locally closed subvariety of lower dimension (see (TU Remark 

4.8]). 

The main reason of our setting is contained in Theorem 16.31 Let p(z) be any admissible 
Hilbert polynomial in P*^ with Gotzmann number r and let ^ be a fixed term ordering on 
monomials of k[Xo, . . . ,Xn]- Following the classical construction, we consider "Hilbp^^-j as a 
subvariety of a projective space through the Pliicker embedding of the grassmannian G(t, M), 
where M = dimjfc(A;[Xo, . . . ,Xn]r) and t = M — p{r). The simple remark that the Pliicker 
coordinates correspond to sets of t distinct monomials of degree r (that we can write in 
decreasing order with respect to allows us to get a lexicographic total order on them. 

Theorem C. If) is a monomial ideal generated in degree r such that k[XQ, . . . , Xn]/j has 
Hilbert polynomial p{z) with Gotzmann number r, then Sthij) is naturally isomorphic to 
the locally closed subvariety of 'H\\h^(^^^ given by the conditions that the Pliicker coordinate 
corresponding to the monomial base of ] does not vanish and the bigger ones vanish. 

As a consequence we are able to prove that every irreducible and reduced component of 
TYilbp^^-) (or of its support) has an open subset which is a homogeneous affine variety (with 
respect to a non-standard graduation). Especially, if j is generated by the t largest degree r 
monomials (we call it a (r, :<)-segment ideal), then Sth{j) is naturally isomorphic to an open 
subset of Wilbp^^-) . Therefore we can easily deduce a few interesting properties of rationality 
for the components of Hilbert schemes (see Theorem 16. 4p : 

Theorem D. Let H be an irreducible component o/TYilbp^^-j. 

• If H is smooth, then it is rational. The same holds for its support SuppH. 

• If H contains a smooth point which corresponds to a {r,<)-segment ideal (where ■< is 
any term ordering), then H is rational. The same holds for Supp/f. 

• The Reeves and Stillman component Hrs of "^^ilbp^-^-) is rational. 

The last item can be obtained as a direct consequence of the previous one, because the 
lexicographic saturated ideal £ corresponds to a smooth point in Hjis, as proved by Reeves 
and Stillman in [14], and is a (r, Lex)-segment ideal. However, we can also get a new 
proof of this fact, not applying the quoted result by Reeves and Stillman, but proving that 
Sth{2,^r) is isomorphic to an affine space using our method based on the minimal embedding 
(see Theorem 17. 3p . 

It is not difficult to implement this method making use of one of the several softwares for 
symbolic computation. Using such a routine we are able to write equations for some Grobner 
strata corresponding to the Hilbert scheme T^ilbf^, founding a computational confirmation 
and some improvements of the results obtained by Gotzmann in the recent preprint [5]. In 
fact we could find that there are two components of dimension 23 and 16, as proved by 
Gotzmann, and also that they are reduced, rational and intersect transversally. 
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The paper is organized as follows. § [2] contains some general notation. 

In § [3l we take up the construction of Grobner strata made in [16] and prove that they 
are well defined (Theorem 13. 6p . 

In § m we discuss the main properties of Grobner strata as homogeneous varieties with 
respect to a non-standard graduation and we obtain some useful criterion in order to know 
when Borel-fixed monomial ideals with the same saturation define the same Grobner stratum 
(Proposition 14.71 and Corollary 14. 8p . 

In § [5l we focus our attention on ideals generated in degree r, where r is the Gotzmann 
number of their Hilbert polynomials, and prove that their Grobner strata can be defined by 
minors of suitable matrices (Theorem 15. 5p . 

§ [6] represents the heart of the work. We show that there is a close connection between 
the above quoted matrices defining Grobner strata and those appearing in the classical con- 
struction of Hilbert schemes and obtain as a consequence the main results of the paper about 
rational components (Theorem 16. 4p . 

Finally, in §[71 we prove the rationality of the Reeves-Stillman component Hrs o^HUhpf^^^ 
using our method based on the minimal embedding and in § [8] we apply this same method in 
order to perform some explicit computations about 'Hilb42. 

2 Notation 

Throughout the paper, we will consider the following general notation. 

1. During the construction of Grobner strata, we work on a field k of any characteristic, 
whereas when we study the Hilbert scheme, we will suppose that k is algebraically 
closed. 

2. k[XQ, . . . , Xn] is the polynomial ring in the set of variables Xq, . . . , Xn that we will often 
denote by the compact notation X, so that k[X] := k[XQ, . . . we will denote by 
X" the generic monomial in k[X], where a represents a multi-index {oq, . . . ,an), that 
is X"^ := X^° ■ ■ ■ . j will be a monomial ideal in k[X] with base {X^i , . . . , X^* } and 
Syz(j) its fc[X]-module of syzygies. 

:< will be a fixed term ordering on the set Tx of monomials in k[X] and we always 
assume that Xn y ■ ■ ■ y Xq. We know that it is not the usual assumption, but this 
choice will result more convenient, mainly in last sections. As the term order ^ is fixed, 
we often omit to indicate it; for instance the stratum of an ideal j also depends on the 
term ordering, but in general we will omit it in the symbol St(j,T), that more precisely 
should be 5t(j,r,^). 

For every polynomial F in k[X] (or k[X, C], k[C]), LT(F) is its leading term with respect 
to the fixed term ordering; in the same way, if a is an ideal, LT(a) is its initial ideal. 

3. We will introduce a second set of variables Cia that we will denote with C. So k[X, C] 
will be the polynomial ring in the variables X and C and Tx,c the corresponding set 
of monomials. We will consider on Tx,c any term ordering which is an elimination 
ordering of the variables X and coincides with ^ on Tx: we will denote by the same 
symbol ^ also this term ordering on Tx,c and the induced term ordering on Tq- 

Tx,C) TTx) TTc will denote the multiplicative groups of Laurent monomials. 
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4. Let G be any polynomial in A;[C, X]. An X -monomial of G is a monomial of Tx that 
appears in G considered as a polynomial in the variables X with coefficients in the ring 
k[C]; the X -coefficients of G are the elements of k[C] that are coefficients of an X- 
monomial. Note that the X-coefficients are polynomials, but not necessary monomials. 

5. X" \ X"' means that X" divides X"' , that is there exists a monomial such that 
j^a . j5^/3 _ j^7_ j£ g^(.]-^ monomial does not exist, we will write X" \ X"^ . 

6. Given any subscheme Z in P", we will denote by SuppZ is its support and by I{Z) 
the saturated ideal in k[X] that defines Z. Given any ideal a, we will denote by V(a) 
the zero set of o. 

7. 'Hilh^f^^^ will denote the Hilbert scheme parametrizing all subschemes Z in P" with 
Hilbert polynomial p{z). r will be the Gotzmann number of p{z), that is the worst 
Castelnuovo-Mumford regularity among subschemes parametrized by Ti-ilhpf^^y When 
we write that an ideal i C k[X] belongs to T^ilbp^^-^, we will mean that i is generated in 
degree r and that the Hilbert polynomial of Proj is p{z). By abuse of notation 
we will say that any such ideal i has Hilbert polynomial p{z) referring to the Hilbert 
polynomial of the quotient, even if the real Hilbert polynomial of i is (^^"') — p{z). 

3 The ideal of a Grobner Stratum 

Now we introduce the Grobner strata and prove some properties, generalizing definitions and 
results of the paper [16] . 

Definition 3.1. The tail of X'^ with respect to ] (and to the fixed term ordering :<) is the 
set of monomials: 

= G Tx I X" ^ X"/, X" ^ j} (1) 

Every ideal i such that LT(i) = j = (X'^'^ , • • • , X"'^) has a reduced Grobner base of the type 
{/i, • • -Jt} where: 

f^ = X"'^+ ^ C,aX" (2) 

and Cioi G k, Cia = except finitely many of them. It is very natural to parametrize the 
family of all the ideals i by the coefficients Cia', in this way it corresponds to a subset of k'^, 
where T = T^^ x • • • x T^^ . 

In many interesting cases, Ty. are finite sets and so k'^ is an affine space: this happens for 
instance if j is a zero-dimensional ideal or if ^ is a suitable term ordering; in other cases, for 
instance when only homogeneous ideals are concerned, T can be infinite, but we can restrict 
our interest to a suitable finite subset. The following definition extends and includes all the 
previous cases. 

Definition 3.2. Let us fixT = {Ti, . . . , Tt} where Ti is a finite subset of the tail of X"'^ with 
respect to j. We will denote by St{},T) the family of all ideals i in k[X] such that LT(i) = j 
and whose reduced Grobner basis fi, . . . , ft is of the type: 

Moreover we will use the following special notation: 
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i) St{j), if Ti = T-y. (of course only i/T^, are finite sets): St{j) parametrizes all the ideals 
i such that LT(i) = j. 

ii) Stfi{)), if Ti is the subset of T-y. of the monomials with the same degree as X^^ : Sth{j) 
parametrizes all the homogeneous ideals i such that LT(i) = j. 

Remark 3.3. It will be clear later that the term ordering affects the construction of a Grobner 
stratum only because it states which monomials can belong to the tails; in fact two different 
term ordering giving the same tails will lead to the same Grobner strata. 

Every ideal i in the family St{j,T) is uniquely determined by a point in the affine space 
{N = |Tj|) where we fix coordinates Ci^a corresponding to the coefficients Cia that 
appear in ([3|). The subset of corresponding to St{j, T) turns out to be a closed algebraic 
set. More precisely, we will see how it can be endowed in a very natural way with a structure 
of affine subvariety, possibly reducible or non reduced, that is we will see that it can be 
obtained as the variety defined by an ideal f}(j, T) in k[C], where C is the set of variables Cia- 

In the following, we refer to the terminology introduced in Notation d] for what concernes 
the polynomials in k[X, C]. 

Definition 3.4. We will denote by f}(j,T) and L(j,T) respectively any ideal in k[C] that can 
be obtained in the following way. 

• Let B = {i^i, . . . , Ft} be the set of polynomials in k[X, C] given by: 

Fi = X^^+ CiaX^. (4) 

• Consider any term order in k[X^C] which is an elimination order for the variables X 
and that coincides with < for monomials in Tx; there will be no confusion if we denote 
it by the same symbol :<. With respect to such a term order, the leading term of Fi is 
X'f\ 

• Fix the subset P of {{i,j) | 1 ^ i < j ^ m} corresponding to any set of generators for 
SyzO); 

• For every {i,j) G P, let Rij be a complete reduction of the S-polynomial S{Fi,Fj) with 
respect to B. 

• For every {i,j) E P, let Mij be a complete reduction of S{Fi, Fj) with respect to j. 

• i){],T) is the ideal in k[C] generated by the X -coefficients of the polynomials Rij, {i,j) G 
P. 

• L{j,T) is the k-vector space in (C) generated by the X -coefficients of Mij, {i,j) € P. 

It is almost evident, that the definition of i){},T) is nothing else than Buchberger's char- 
acterization of Grobner bases if we think to the Cj^'s as constant in k instead of variables. 
In fact the variables C do not appear in the leading terms of Fi and so their specialization in 
k commutes with reduction with respect to B. Thus (. . . , Qq, . . . ) is a point in the algebraic 
set V(f)(j, T)) in A^ if and only if it corresponds to polynomials /i, . • • , /m in k[X] that are 
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a Grobner base. Then V([)(j,r)) is uniquely defined; however a priori the ideal f}(i, T) could 
depend on the choices we perform computing it, that is on the choice of the set P of genera- 
tors for Syz(j) and on the choice of a reduction for the S'-polynomials S{Fi, Fj) with respect 
to B (which in general is not uniquely determined). 

Thanks again to Buchberger's criterion, we can prove that in fact T) only depends on 
j, T and of course ^ because it can be defined in an equivalent intrinsic way. 

Proposition 3.5. Let j C k[X], B = {Fi, . . . , F^} C k[X, C] and ^ be as above and consider 
an ideal a in k[C] with Grobner base A. The following are equivalent: 

1) BU A is a Grobner base in k[X, C]; 

2) a contains all the X -coefficients of every complete reduction of S{Fi, Fj) with respect to B 
for every i,j; 

3) contains all the X -coefficients of some (even partial) reduction with respect to B of 
S{Fi,Fj) for every i,j; 

4) contains all the X -coefficients of some (even partial) reduction with respect to B of 
S{Fi,Fj), for every {i,j) corresponding to a set of generators o/Syz0). 

Proof. [I] =^[11 let G be a complete reduction of S{Fi,Fj) with respect to B. By hypothesis, G 
must be reducible to through BuA, so that the next step of reduction have to be performed 
just using A. But any step of reduction through A does not change the X-monomials and 
only modifies the X-coefhcients; then G — > 0, that is every X-coefficient in G can be reduced 
to using A: this shows that all the X-coefhcients in G belong to a. 
d and ^ [7] are obvious. 

^ [21 we can check that ;S U ^ is a Grobner base using the refined Buchberger criterion 
(see for instance [21 Theorem 9, page 104]). If ^ = {ai, . . . , ar}, a set of generators for 
Sjz{X^^ , . . . , X^^ , LT(oi), . . . , LT(ar-)) can be obtained as the union of a set of generators for 
Syz{X'^'^ , . . . ,X'^'), a set of generators for Syz(LT(ai), . . . ,LT(ar)) and the obvious syzygies 
of (XT%LT(aj)). Then: 

• S{ai,aj) 0, since ^ is a Grobner base and AQ BU A; 

• S{ai,Fj) 0, since the leading terms of and Fj are coprime and Cj, Fj ^ BU A; 

• S{Fi,Fj) in at least one way, by hypothesis. ■ 

There are many ideals a fulfilling the equivalent conditions of Proposition l3.5t for instance 
we can consider the irrelevant maximal ideal in k[G] or any ideal obtained accordingly with 
condition [3l Moreover, if o satisfies those conditions and o' D o, then also a' does, and if the 
ideals a/ satisfy the conditions, then also their intersection P| a; does. As a consequence of 
these remarks we obtain the proof of the unicity of the ideal f) (j , T) given by Definition 13.41 

Theorem 3.6. Let j and T as above. Then: 

i) '^{),T) is uniquely defined; in fact [)(j,T) = f] o, o satisfying the equivalent conditions of 
Proposition 13.51 

ii) -L(j,T) is uniquely defined. 
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Proof. is one of the ideals a, because it satisfies condition on the other hand, if a 

satisfies condition!^, then clearly o ^ f}. 

ForEp it is sufficient to observe that the generators for L(i, T) are the degree 1 homoge- 
neous components (here "homogeneous" is related to the usual graduation of k[C] that is the 
Z- graduation with variables of degree 1) of the generators of l){i,T) given in its construction 
(Definition Eai). ■ 

By abuse of notation we will denote by the same symbol St{),T) the family of ideals 
and the subvariety in given by the ideal ()(i, T). Note that i){x,T) is not always a prime 
ideal and so St{j,T) is not necessarily irreducible nor reduced, as shows the following trivial 
example. 

Example 3.7. Let j = {x^,xy) C k[x,y\ and ■< he any term oredering. Let us choose 
T = (T^2 = $,Txy = {y}) and construct the ideal of the Grohner stratum St{j,T) according 
to Definition \3.4\ 

{Fi = x", F2=xy + Cy}, S12 = yFi - XF2 = -Cxy ^^'^ R12 = -Cxy + CF2 = C^y. 
Then i]{j,T) = (C^) that is St{j,T) is a double point in the affine space . 



4 Grobner strata are homogeneous varieties 

In this section we will see how every Grobner stratum St{j,T) is in a very natural way a 
homogeneous variety with respect to a suitable non-standard graduation on k[C], so that we 
can apply the nice properties typical of this kind of varieties and especially those obtained in 
[16j and in 

For the meaning of j, k[X], {X'^^ , ■ ■ ■ , X'^'^} and ^ we refer to Notation [2] and for k[X, C], 
{Fi, . . . , Ft}, St{j,T), f)(i, T) to the previous section. 

First of all, we recall the definitions and properties that we will use more often. 

Definition 4.1. (See ^ Definition 2.1] or ]16\ Definition 2.7]) Let (G, +) he an ahelian 
group and let gi, . . . ,gp he elements in G (not necessarily distinct). 
The group homomorphism: 

A : Ty — > G given by Yi g-i (5) 

induces a graduation on the polynomial ring k\Y] := k\Yi, . . . , Yp]. 

A polynomial F G k\Y] is X-homogeneous of X- degree g if X{Y^) = g for every monomial 
Y^ that appears in F . A A -homogeneous ideal a is a proper ideal (a^ k[X, G]) generated by 
X-homogeneous polynomials. A A-cone is the subvariety V defined by a X-homogeneous ideal. 

We always assume that X is positive (see Chapter 4]), that is that the following equiv- 
alent conditions are satisfied: 

i) k[Y]oa = k; 

a) Yl ^i9i — with Ui ^ <^ Ui = for every i; 

Hi) G can be endowed of a structure of totally ordered group (G, -|-,^) in such a way that 
X(Yi) > Og for every i = 1, . . . , s. 
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(for the equivalence of these three conditions see Lemma 2.2]). 

Proposition 4.2. (See 116, Lemma 2.8]) Let G he the free abelian group Z,^^^. The group 
homomorphism: 

A : Tc — > G given by Cia i-^ 7i — a (6) 
induces a positive graduation on k[C] with respect to which f)(j,T) is a X-homogeneous ideal. 

Proof. First of all we remark that condition [mj) of Definition 14.11 holds: in fact we obtain a 
total ordering on G using the term order ^ (a ^ /? <^ X" ^ Xf^) and that X{Gia) > Og 
because y 

We can consider A as the restriction to Tc of a group homomorphism Tx,c ~' G (that we 
can denote again by A) given by A(X") = a. Every monomial that appears in Fi is of the type 
CiaX°' and so its A-degree is A(CjQ,X") = A(Cia) + A(X") = 7j. Thus all the polynomials 
Fi are A-homogeneous and then also the 5-polynomials S{Fi,Fj) and their reductions are 
A-homogeneous. Finally, the X-coefficients in any A-homogeneous polynomial (which are 
polynomials in k[C]) are A-homogeneous. ■ 

We now recall some properties of L(),T) proved in [16^ Proposition 2.4] and [4], Theorem 
3.2]. 

Theorem 4.3. The linear space V(L(j, T)) can he naturally identified with the Zariski tangent 
space to St{j,T) at the origin. 

IfC" CG is any subset of ed := dimV(L(j,r)) variables such that L{],T) {G") = {G) , 
then f)(j,T) fl A;[C"] defines a X-homogeneous subvariety in K^^ isomorphic to St{t),T). 

We may summarize the previous result saying that St{l},T) can be embedded in its Zariski 
tangent space at the origin. This explains the following terminology. 

Definition 4.4. The numbered is the embedding dimension of St{j,T). The complement 
G' := G \ G" is a maximal set of eliminable variables for f)(j,T). 

Corollary 4.5. In the above notation, the following statements are equivalent: 

1. St{i,T) c^A"'^; 

2. St{),T) is smooth; 

3. the origin is a smooth point for StQ,T); 

4. ed ^ dimSt{),T). 

Note that in general a maximal set of eliminable variables (and so its complementary) is 
not uniquely determined. However, if Gia G L(j, T), then Gia belongs to any set of eliminable 
variables; on the other hand, if Gia does not appear in any element of L(j,T), then Gia does 
not belong to any set of eliminable variables. 

There is an easy criterion that allows us to decide if a variable is eliminable or not. 

Criterion 4.6. Let LT(Fj) = X'^^ LT{Fj) = X"'^ and let Gij^ be a variable appearing in the 
tail of Fi. Using the reduction with respect to ] of a X-homogeneous polynomial X^Fi — X'^Fj 
we can see that: 
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is not a monomial that appears in Fj, then Cip € -L(j,T); 
ii) if X^+i^ ^ ] and X^' = X'^+z^"'' is a monomial that appears in Fj, then Ci^ — Cjp/ E 

Moreover ifCip — Cjj^i E L(j, T), then every maximal set of eliminahle variables must contain 
at least either one of them. 

In most cases the number = \C\ is very big and f|(j,T) needs a lot of generators so 
that finding it exphcitly is a very heavy computation. On the contrary L(j, T) is very fast to 
compute and so we can easily obtain a set of eliminable variables C"; a forgoing knowledge 
of C allows a simpler computation of the ideal f}(j,T) n k[C"\ that gives 5t(j,T) embedded 
in the affine space of minimal dimension A'^*^ . 

Furthermore, in many interesting cases we can greatly bring down the number of involved 
variables thanks to another kind of argument. 

Let X", X'*'! ; • • • ) X'^^ be monomials in k[X] such that > m := [q;| for every i = 1, . . . , t 
and consider the monomial ideals jo = , X'^i , . . . , X'''* ) and ] = (jo)^m+i5 that is j = 
. . . , XqX", X'''* , . . . , X^^). We can obtain the homogeneous stratum Sthijo) starting 
from polynomials Fj G k[X, C] with \JT{Fj) = X^i for j > and LT(Fo) = moreover we 
can obtain Sth{]) starting from the same polynomials Fj if j = 1, . . . , t (note that the reduced 
homogeneous tail of X"^^ with respect to ] and that with respect to jo coincide) and new 
polynomials d = + ^ C'^^^'', for every i > and Gq = Xo(X" + ^ Co^X'3)+^ DsX^. 

Writing Gi (i > 0) we use new variables C-^ G C, while writing Gq we use the variables 
Co/3 G G that appear in Fq for the coefficients of monomials XqX^ and new variables D for 
monomials X^ such that Xo f X^ . 

In this way we obtain the ideal [)(jo) of Sth{jo) in the polynomial ring k[G] and the ideal 
f)(j) ofSthii) in k[G,G',D]. 

Proposition 4.7. In the above described situation, let Tt be the homogeneous tail of XiX'^ 
reduced with respect to j. 

i) If we assume that XqX'' ^ j for every X"' G Tj, then there is a set of eliminable variables 
containing G' , and so Sth{)) can be defined by an ideal f)i C k[G,D]. 

ii) If moreover we assume that XiX^ ^ j for every X^ G To such that Xq \ X^ , then also 
the variables D can be eliminated; furthermore f)(j) fl k[G] = f}(jo), so that in a natural 
way: 

SthO) ^ Sthdo). 

Proof. [|j Let G'^^ be any variable in G'. By the hypothesis, XqX^ ^ j. Then, using Criterion 
14.61 we can easily see that the X-coefficient of XoX'' in the reduction of S{Gi, Gq) = X^Gi — 
XiGo with respect to j is C^^, if Xi f X'', and C^^ - Co/j, if XoX'' = X^X^. Then there is a 
set of eliminable variables for f)(j) containing G'. 

[zljj First of all, we will prove that under the new stronger hypothesis, we also have G f)(j) 
for every G D that is such that X^ G To and Xo f X^. Using the above introduced notation 
we have S{Go, Gi) = X^Gq - XqGi = (XoXi ^ ^o^^^) + (Xi ^ DsX^) - (^o E . 

Thanks to the hypothesis posed in no monomial in the third bracket can be reduced; 
the same holds for the second bracket thanks to the new hypothesis posed in[3j. 
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If i? is a complete reduction of Xi ^ Cq/^X^ with respect to {Go, . . . , Gn,Fi, . . . , Ft}, 
then XqR is a complete reduction of the first bracket, because all the monomials in R belong 
to Ti and so for them the condition given holds. 

If we extract the X-coefficients in XqR + (Xi J2 DsX^) - [Xq J2 Cin^"^) we see that 
Ds because Xot^"^- 

As we have proved in Theorem 13.61 t){j) is the smallest ideal in k[C,C',D] such that 
{. . . , Gi, . . . ,Fj . . . }Uf)(j) is a Grobner base. This is equivalent to say that [}i := f)(j)nA;[C, C] 
is the smallest ideal such that {XqFq, Gi . . . , Gn, Fi, . . . , F^} U f}i is a Grobner base. In fact. 
Go is equivalent modulo to XqFq because D C and the variables D do not appear 
in {XoFo,Gi...,Gn,Fi,...,Ft}. Note that (lt(XoFo), LT(Gi), . . . , LT(Ft)) = j. 

Thanks to the condition posed in [^j, for every integer s ^ 1, the S-polynomial 
S{Gs, XqFq) = Xq{Gs — XsFq) reduce to if and only if Gg — XsFq reduces to 0. Then we 
can eliminate all the variables G' and substitute Gg with XsFq, obtaining that i)2 '■= t)iD k[G] 
is the smallest ideal in k[G] such that {X„Fo, . . . , -'^o-^O) Fi, . . . , Ft} U f)2 is a Grobner base. 

Furthermore, the set of S'-polynomials among elements ofB = {XqFq, . . . , X„Fo, Fi, . . . , Ft} 
is also the set of S-polynomials among elements of Bi = {Fq, Fi, . . . , Ft}; then [)2 is the min- 
imal ideal in k[G] such that Bi U [)2 is a Grobner base that is [)2 = f)0o)) thanks again to 
Theorem 13.61 ■ 

Corollary 4.8. Let jo = (X'^^ , • • • , X"^) be a Borel-fixed saturated monomial ideal generated 
in degree ^ r and let j := (jo)^r- 

i) There is a set of eliminable variables of f)(j) that contains all variables except at most 
the ones appearing in polynomials Fi such that LT(Fj) = X'^'-Xq '"^'L 

ii) If s is the maximal degree of monomials in the base of j in which Xi appears, then 
St{)^rn) - <St{}^s) for every s. 

Hi) Especially, if Xi does not appears in the monomial base of], then St(j^m) ~ St{j) for 
every m. 

Proof. It is sufficient to apply Proposition 14.71 by induction on the number of monomials of 
the base of j . ■ 



5 Grobner strata and regularity 

In the present and following sections k[X], < and j = [X^^ , . . . , X'^^) will be as in the 
previous, but from now on we will consider only homogeneous ideals (with respect to the 
usual graduation) and Tj will be the complete homogeneous tail of X'^^ so that the only 
involved strata will be the homogeneous strata Sthij) introduced in Definition I3.2|[li)) . Since 
every tail is fixed by ^, we will simply denote ideals defining Grobner strata by 

Let p{z) be any admissible Hilbert polynomial for subschemes in P". Our goal is to show 
that the Hilbert scheme T^ilb^j^^-) can be covered by homogeneous strata of the type Sthij)- In 
order to prove that, it is convenient to think of 'Hilb^^^-j and Sthij) as schemes parameterizing 
the same kind of objects, namely homogeneous ideals in k[X]; as many ideals define the same 
subscheme Z C P", the problem is to select a unique ideal in k[X] for every subscheme Z. 
The most common choice is to associate to Z the only homogeneous saturated ideal I{Z) 
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such that Z = Proj {k[X]/ I{Z)); this point of view is that assumed for instance in [13j and 
in [16], where homogeneous strata of saturated ideals are considered. 

Here we prefer a different approach, that directly calls back to the explicit construction 
of Hilbert schemes. 

Definition 5.1. Given an admissible Hilbert polynomial p(z) for subschemes in P"', we will 
denote by r the Gotzmann number of p{z), that is the worst regularity of saturated ideals 
defining subschemes inHUhp^^^y Moreover we set: M := t := M-p{r), Mi := (""'".^"'"^) 

and ti := Mi - p{r + 1). 

Macaulay's Theorem states that r is the regularity of the lexsegment ideal with Hilbert 
polynomial p{z) (for the definition and the main properties of regularity and for some conse- 
quences, we refer to [6]). 

AsZ = Proj {k[X]/I{Z)) = Proj (A:[X]//(Z)^^), Z can be uniquely identified by the ideal 
I(Z)^r, which is generated by t linearly independent degree r homogeneous polynomials 
Fi,...,Ft or, more precisely, by the i-dimensional A;- vector space I{Z)r: 'Hilh^^^-^ can be 
realized as a closed subscheme in the grassmannian of the i-dimensional vector spaces in 
A t-dimensional vector space in k[X]r gives a point in Tiilbp^^) if ^i^d ^^h' if it 
generates an ideal i having p{z) as Hilbert polynomial. 

Notation 5.2. From now on, i € Tiilhp^^-j will mean that i = I{Z)^r for some closed sub- 
scheme Z in P" with Hilbert polynomial p{z). Equivalently we can say that \ € Wilbp^^-j if 
and only if i is an homogeneous ideal in k[X] with Hilbert polynomial p{z) (for the meaning 
of "Hilbert polynomial of i" see Notation^ which is generated in degree r, where r is the 
Gotzmann number ofp{z). 

Remark 5.3. If i & '^^^^p{z)> then i is r -regular and it has a free resolution of the type: 

^ fc[X](-r-A)"^ ^ ... ^ A;[X](-r- Ifi ^ A;[X](-r)"« ^ i ^ (7) 

Theorem 1-2]). Then we can find a set of generators for the first syzygies Syz(i) in degree 
r + 1. 

If we take into consideration the homogeneous Grobner strata Sth{j) and select the mono- 
mial ideal j in 'T^ilb^^^)' obtain the intended direct relation between Grobner strata and 
Hilbert schemes. 

Lemma 5.4. If] £ '^'^^^p{z)> then (at least set-theoretically) Sthij) C Tiilbp^^-j. 

Proof. Let i be any ideal in Sth(j). By hypothesis LT(i) = j and then t and j share the same 
Hilbert function. Therefore i is generated in degree r and has Hilbert polynomial p{z) and 
then i G Wilb^(^). ■ 

Now we will see that the set-theoretic inclusions are in fact algebraic maps and that for 
some ideals they are open injections. It is a little surprising that St{j) directly depends on 
the ideal j and not only on the subscheme Z = Proj it defines. For instance the 

saturated lexicographic ideal £ with Hilbert polynomial p{z) and its truncation £' = 
define the same subscheme in P"; however, as we will see, Sth{2^') is an open subset of the 
Reeves-Stillman component of 'HiVo^^^^y whereas Sthi)) can be a locally closed subset of lower 
dimension in the same component. 
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Let j be a monomial ideal in TCilhpf^^y As seen in § [3] every ideal i such that LT(i) = j 
has a (unique) reduced Grobner basis {/i, . . . , ft} where fi is as in Definition I3.2|[i^] . Not 
every ideal generated by t polynomials of such a type has j as initial ideal. In order to obtain 
equations for Sth{]) 

we consider tlie coefficients appearing in the fi as new variables; more 
precisely let C = {Cia,i = 1, . . . ,t, X"' G k[X]r \ jr and X" -< X'^^} be new variables and 
consider t polynomials in k[X, C] of the following type: 

F, = X^^ + (8) 

X"eTi 

where Tj = T^. n k[X]r (Definition I3.ip . We obtain the ideal f)(j) of Sth{]) collecting the 
X-coefficients of some complete reduction with respect to Fi, . . . , Ft of all the 5-polynomials 
S{Fi,Fj), corresponding to a set of generators for Syz(j) (see Theorem 13.61 and Proposition 

Theorem 5.5. In the above notation, let j £ Wilbp^^-j and let A be the t{n + 1) x Mi matrix 
whose entries are the X- coefficients of XjFi, for all j = 0, . . . ,n and i = 1, . . . ,t. 

Then the ideal f)(j) of the homogeneous stratum Stfi{j) is generated by the (ti + 1) x (ii + 1) 
minors of A. 

Proof. By abuse of notation we write in the same way a polynomial and the rows of its X- 
coefficients. As in Definition 13.41 we consider a term order on Tx,c which is an elimination 
order of the variables X and coincides with the fixed term ordering ^ on T^. It is quite 
evident by elementary arguments of linear algebra, that the ideal o C k[C], generated by all 
(ti + 1) X (ti + 1) minors, does not change if we perform some row reduction on A. Let V 
be a set of ti rows whose leading terms are a base of jr+i- If XhFi ^ V, then it has the same 
leading term than one in V, say X^Fj] we can substitute X^Fi with X^Fi — X^Fj. In this 
way the rows not in V become precisely all the 5-polynomials S{Fi,Fj) that have X-degree 
r + 1. 

At the end of this sequence of rows reductions, we can write the matrix as follows: 



D 


E 


S 





(9) 



where D is a ti x ti upper-triangular matrix with I's along the main diagonal, whose rows 
correspond to V and whose columns correspond to monomials in jr+i- 

Using rows in we now perform a sequence of rows reductions on the following ones, in 
order to annihilate all the coefficients of monomials in jr+i, that is the entries of the submatrix 
S: if a{C) is the first non-zero entry in a row not in V and its column corresponds to the 
monomial X'^ G jr+i) we add to this row —a(C)Xi.Fj, where X^Fj G V and LT(XfcFj) = X^ . 
This is nothing else than a step of reduction with respect to {-Fi, . . . , Ft}. At the end of this 
second turn of rows reductions, we can write the matrix as follows: 



D 


E 





R 



(10) 



where the rows in {D \ E) are unchanged whereas the rows in (0 | R) are the X-coefficients of 
complete reductions of 5-polynomials in X-degree r + 1. Then a is generated by the entries 
of R and so a C f)(j). 
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We can see that this inclusion is in fact an equahty taking in mind Remark 15.31 and 
Proposition 13 . 5I [7]) : the first one says that Syz(j) is generated in degree r + 1 and the second 
one that in this case is generated by the X-coefficients of complete reductions of the 
S'-polynomials S{Fi,Fj) of X-degree r + 1. ■ 

The following corollary just express in an explicit way two properties contained in the 
proof of Theorem 15. 5[ 

Corollary 5.6. In the above notation: 

• the ideal is generated by the entries of the submatrix R in (jlOp .^ 

• the vector space L(j) is generated by the entries of the submatrix L in 

Remark 5.7. An interesting consequence of this theorem is that Grobner strata equations 
are substantially independent of the term ordering. The term ordering sets which monomials 
can appear in the tails Ti, but if two different term orderings determine the same tail for each 
monomials in ], then they lead to the same Grobner stratum structure. We will take up this 
remark in the next paragraph concerning Hilbert schemes. 

Remark 5.8. The construction of the Grobner stratum of a saturated ideal requires a number 
of coefficients C lower than that our approach needs, because a saturated monomial ideal j 
has less generators of lower degree than its truncation jj>j.. 

Using our approach the number of coefficients C suffers a great increase, due both to the 
higher number of generators and to the to the fact that homogeneous tails in higher degree 
are "stretched out". One could think that this involves an unnecessary lost of computational 
efficiency; however a large number of the coefficients can be easily eliminated during the 
computation (see for instance Proposition \4. 7| j and moreover some of the "new" coefficients 
give tangible improvement. 

Moreover, the construction made in this paragraph shows that we have to consider only 
the "linear" S -polynomials and that we can use the very-well-studied and improved tools of 
linear algebra. In conclusion, we think that the complication of computational aspects is a 
small penalty comparing to the possibilities that this technique opens. 

6 Grobner strata that are open subset of an Hilbert scheme 

In the present section we will prove that every homogeneous Grobner stratum Sth{}), where 
j G ''^ilbp(2)! be naturally identified with a locally closed subvariety of "^^ilbp^^-, and that it 
is an open subset of "Hilbp^^-j if j is generated by the first t monomials in k[X] with respect to 
the fixed term ordering ^. As a consequence we obtain the main results of the paper about 
the rationality of some components of TYilbp^^-j. 

For the meaning of p{z), r, t, M, ti, Mi and i G TCilhp^^^ we refer to Definition 15.11 and 
Notation \5M 

First of all we recall how equations defining 'HiVOp^^-^ are usually obtained. Every ideal 
i G "HUhp^^^ is generated by the i-dimensional vector space i^. On the other hand thanks to 
Gotzmann's Persistence Theorem (see for instance [6] Theorem 3.8]) a t-dimensional vector 
space V C k[X]r generates an ideal i G 'T^ilbp^^-j if and only if dimf^{XQV, . . . , XnV) = ti. 

Therefore 'T^ilbp^^^, can be thought as the subscheme of the grassmannian G{t, M) defined 
by the previous condition; moreover by the Pliicker embedding of the grassmannian in a 
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projective space P'^, TYilbp^^-^ becomes a closed subscheme (not necessarily irreducible and 
reduced) of P''. 

Here we are not interested in finding explicit equations for Wilbp^^-^ in P*^, but only equa- 
tions defining each open subset U n Hilh^^^y where U is the open subset of G(t, M) given by 
a non-vanishing Pliicker coordinate. 

Definition 6.1. Thinking of k[X]r as the vector space generated by its monomials, we can 
identify every Pliicker coordinate with a suitable monomial ideal j generated by t monomials 
of degree r. We will denote by Uj and TL) respectively the open subsets of G{t,M) and of 
TYilbp^^-) where the Pliicker coordinate corresponding to j does not vanish. 

In a natural way Uj is isomorphic to the affine space 

^t(M-t)_ In fact, if j = 

every point in Uj is uniquely identified by the reduced, ordered set of generators {gi, . . . ,gt) 
of the type gi = X^"- + ^ CjQ,X°, where Cia G k and X" is any monomial in A;[X],. \ j. Then 
we consider on A*(^^~*^ the coordinates Cia. Note that each Cia naturally corresponds to the 
Pliicker coordinate ]' = (X^i , . . . , X^'-i , X", X^'+i , . . . X^" ) (but of course not all the Pliicker 
coordinates are of this type) . 

Now we can mimic the construction of Grobner strata and obtain the defining ideal of 7ij 
as a subscheme of A*^*^"*). Let us consider the set of variables C = {Cia,i = 1, . . . ,t, X" e 
k[X]r \ j} and t polynomials Ci, . . . ,Gt in k[X, C] of the type: 

= X^» + ^CiaX" (11) 

and let B be the {n + l)t x Mi matrix whose entries are the X-coefficients of the polynomials 
XjGi. Then consider the ideal b(j) C k[C] generated by the (ti -|- 1) x (ti + 1) minors in B. 

Proposition 6.2. b(j) is the ideal of Tij as a closed subscheme o/A*(*^~*). 

Proof. Every ideal i € C/j can be obtained from (Gi, . . . , Gt) specializing (in a unique way) the 
variables Cia to Cia € k. Obviously not all the specializations give ideals i G TCj, that is with 
Hilbert polynomial p{z) (more precisely, such that /c[Xo, . . . , X„]/i has Hilbert polynomial 
p{z)), because we have to ask both dim,fc(ir) = t and dim^if+i = ti: thanks to Gotzmann's 
persistence we know that these two necessary conditions are also sufficient. 

In the open subset Uj the first condition always holds and the rank of every specialization 
of -B is ^ ti by Macaulay estimate of the growth of ideals (see |6i § 3] or ^ Corollary 5.5.28]). 
Therefore Tij is given by the condition rk (B) ^ ti. ■ 

We can order the set of Pliicker coordinates in the following way. We write the t monomials 
corresponding to each Pliicker coordinate in decreasing order with respect to ^; if ji = 

( X°i > ^ X"*) and j2 = ( X^i > ^ X/^'), then ji >- j2 if X°' = Xf^* for every i lower 

than some s and X°= >- X^". 

It is now easy to compare, for a same monomial ideal j G TCilhp^^^, the Grobner stratum 
Sth{]) and the open subset Hj. We underline that for our purpose it will be sufficient to 
consider the open subsets 7ij corresponding to monomial ideals j G Wilbp^^-j , because (at least 
set-theoretically) they cover HiVOp^^^y In fact, if i G Wilbp^-^-), then also LT(i) G Hilhpf^^^ and 
we have at least i G 'HLT(i) • 

Theorem 6.3. Let p{z) be any admissible Hilbert polynomial in P" with Gotzmann number 
r . Let us fix any term ordering ^ on Tx ■ 
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i) If j is a monomial ideal in TCilhp^^^, then Sth()) is naturally isomorphic to the locally 
closed subvariety of Wilbp^^-j given by the conditions that the Pliicker coordinate corre- 
sponding to j does not vanish and the preceding ones vanish. 

ii) For every isolated, irreducible component H of Tiilhp^^y there is a monomial ideal j G 
T^ilbp^^-) such that an irreducible component of SnppSthi)) is an open subset of SnppH. 
Then Suppi? has an open subset which is a homogeneous affine variety with respect to 
a non-standard positive graduation. 

Proof. \^ We obtain the two affine varieties St^ij) and TYj in a quite similar way (for St^ij) see 
Theorem 15.51 and for TYj see Proposition I6.2p . The only difference comes from the definition 
of the set of polynomials Fi, . . . , Ft given in ([8]), leading to equations for and the set 

of polynomials Gi, . . . ,Gt given in (jlip . leading to equations for TCy. in Gj the sum is over all 
the degree r monomials X" ^ j whereas in Fi we also assume that X" -< LT (Fi). Therefore 
we can think of Sth{}) as the affine variety defined by the ideal in the ring k[X, C], where 
C = {da \ i = 0,...,n, X" G k[X]r \ j} generated by f)0) and by (Ci„ | X° y LT(Fi)), 
namely = l){])k[C] + (C \ C). Now we can conclude because the Pliicker coordinates 
higher than j vanish if and only if all the Cia such that X" >- LT{Fi) vanish. 

As j varies among the finite set of the monomial ideals in "Hilbp^^-^ , the Grobner strata 
Sth{j) give a set theoretical covering of T^ilb^j^^-) by locally closed subschemes. Then there 
is a suitable ideal j such that an irreducible component of Supp5t/i(j) is an open subset of 
H. We have seen in the previous sections that Sth{)) has a structure of homogeneous affine 
scheme with respect to a non-standard positive graduation A. Then also its support and the 
irreducible components of the support are homogeneous (see [U Corollary 2.7]). ■ 

Corollary 6.4. Every smooth irreducible component H o/T^ilbp^^-j is rational. 
The same holds for every smooth, irreducible component o/ SuppTYilb^^^-j. 

Proof. If is a smooth, irreducible component of "Hilbpj-^-j , then it is also reduced. Thanks to 
Theorem 16.31 we know that an open subset of H is an affine homogeneous variety with respect 
to a positive graduation. Moreover this open subset is also smooth and so it is isomorphic to 
an affine space, by Corollary 14. 5[ ■ 

Remark 6.5. The ideal [)(j) of the Grobner stratum Sth{)) is homogeneous with respect to a 
positive graduation A on k[C] given by X{Cia) = ji — a, where Cia appears in the polynomial 
Fi as the coefficient of the degree r monomial X°' such that X°' ^ j and X°' -< X'^'- = LT (Fi) 
(see Definitions \4-.l\ and \4-S^ . We could also consider a graduation X' on k[C] such that the 
ideal b(j) of Ti.j is homogeneous by the analogous definition: X'{Cia) = ^i — a if Cia appears 
in Gi. However this graduation X' is not necessarily positive and so it gives less interesting 
consequences. 

If an irreducible component H o/Wilb^^^-j is also reduced, Theorem \6.3\ insures that there 
is an open subset of H which has the structure of homogeneous variety with respect to a 
positive graduation induced from that of a suitable Grobner stratum Sth{)). 

On the other hand, in the case of a non-reduced component we only know that the supportof 
a suitable open subset is homogeneous with respect to a positive graduation, but this not implies 
that the open subset itself is homogeneous. 

Now we consider a special case in which we obtain a positive graduation on an open subset 
of an irreducible component of HUhp^^-j , even if not reduced. 
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Definition 6.6. Given any term order ^ in Tx, a (m, ^) -segment is a subset S of k[X]m 
containing the first \S\ monomials of degree m with respect to :<, namely such that: 

V G k[xu, y X^' eS : x^ t x^' ^ xf^ e s. 

An (m, ^)-segment ideal is a monomial ideal j which is generated by a (m, :<)-segment. 

If £ is tiie saturated lexsegment ideal, then for every m ^ r (that is for every m higher 
than the regularity of £), the ideal is a (m, Lex)-segment ideal. This property does not 
holds in general if the term ordering in not Lex, so that can be a (m, ^)-segment ideal, 
while j^m+i is not a (m + 1, ^)-segment ideal. A trivial case is for instance that of the ideal 
(x) in k[x,y,z] which is (1, DegRevLex)-segment ideal, whereas (x)^2 = {x'^,xy,xz) is not 
(2, DegRevLex)-segment ideal, because it contains xz and does not contain y^. 

The definition of (m, ^)-segment ideal is not equivalent, but it is very close to that of 
extremal ideal given in pT] , 

Corollary 6.7. Let p{z) any admissible Hilbert polynomial in P" with Gotzmann number r 
and let H be an isolated, irreducible component of Wilbp^^-j . 

If H contains a point corresponding to an {r,<)-segment ideal ] € "Hilbp^^-j with respect 
to some term ordering ■< on Tx, then St^^ij) is an open subset of H , so that H has an 
open subset which is an homogeneous affine variety with respect to a non-standard positive 
graduation. 

Proof. If j is a (r, ^)-segment ideal, then there are no Pliicker coordinates preceding that 
corresponding to j. Thus Sth{)) — Ti-j (see Theorem 16. 3p and so Tij is an affine homogeneous 
scheme with respect to a positive graduation. ■ 

Corollary 6.8. Let H be an irreducible component ofTiilhpf^^^ and let j be a (r, ^)-segment 
ideal. If ] ^ H and either of the following condition holds: 

i) Stfi{j) is an affine space, 

a) j is a smooth point of Stfi{j) , 
Hi ) ] is a smooth point of Hilb^^^) , 
then H is rational. 

Proof. It is a straightforward consequence of the previous result and of Corollary 14.51 ■ 

7 Grobner stratum of the lexsegment ideal 

In this paragraph the term ordering < will be the lexicographic term ordering Lex. 

As a first application to the results obtained in § [6l we take into consideration the lex- 
icographic ideal £. For every admissible Hilbert function p[z) on P", 'H\\b^(^^\^ contains the 
ideal generated by the first t monomials in degree r with respect to the term ordering Lex. 
In the paper [H] it is proved that the point of 'HiVo^^^^-^ (usually called lexicographic point) 
corresponding to the subscheme Proj k[X]/£ is smooth and Reeves and Stillman get the proof 
by a computation of the Zariski tangent space dimension. The only component of 'T^ilbp^^^-^ 
containing the lexicographic point is usually denoted by Hus- As a consequence of the quoted 
result by Reeves and Stillman and of Corollary 16. 8^ we then obtain: 
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Corollary 7.1. The Reeves and Stillman component H^s o/'^ilbp^^) rational. 

However we prefer to present here a new, self-included proof, in order to explain how our 
technique can be used as a theoretical, as well as a computational, tool. 

First of all, we recall briefly the notation used in [14]. Moving from [10], Reeves and 
Stillman work with lexicographic saturated ideals; they suppose Xq y Xi y . . . >- X„ and 
identify the ideals with arrays composed by n non-negative integers. More precisely they 
write: 

Jv(ao, . . . , a„_ij — (Ag ,Aq ,...,Ao • • • A„_2-^n-lJ- 

Since we are going to prove the same result, we will assume a quite similar notation, but not 
the same because in this paper the variables X are ordered in the reverse way with respect 
to [2] and moreover we consider ideals generated in degree r instead of saturated ideals. 

Notation 7.2. We refer with £(a„, . . . , ai) to the lexsegment ideal generated by all monomials 
of degree r = ^aj that precede (greater or equal to) the monomial X^" • • ■ X^^ in the Lex 
term ordering: 

£,{an, . . . , ai) = {X^, X^ -^Xn-i, ■ ■ ■ , X^" • • • -'^i^)- 

Note that r is precisely the Gotzmann number of the Hilbert polynomial of 2, (more precisely 
ofk[X]/il). 

Theorem 7.3. The homogeneous Grobner stratum 5t/i(£(a„, . . . , oi)) of the lexicographic 
ideal . . . ,ai) € T^ilbp^^-j is isomorphic to an affine space. Therefore the component Hjis 
of Tiilhpi^^-^ is rational. 

Proof. Thanks to Corollary 16.81 we obtain the complete statement proving that the homo- 
geneous Grobner stratum Sth{S.{an, . . . , ai)) is an affine space, that is showing that a same 
number is both a lower-bound for its dimension and an upper-bound for its embedding di- 
mension; the first part corresponds to Theorem 4.1 of [H] (here in terms of initial ideals) and 
the second one corresponds to Theorem 3.3 of |14j . 

We proceed by induction on the number n of variables and on the Gotzmann number r. 

In order to obtain an upper-bound for the embedding dimension we look for a maximal set 
of eliminable variables C C C, using Criterion 14.61 If y ■ ■ ■ >- X"^'" is the monomial base 
of the saturation j of £(an) • • • > cli), then we can assume that the polynomials Fi, . . . ,Ft G 
k[X, C] (that we use in order to construct Sth{il{an, ■ ■ ■ , ai)): see Definition 13. 4p are ordered 
so that LT(Fj) = X"»Xq~'°'' for i = l,...,m. Thanks to Corollarv 14.81 we can start the 
construction of C, putting inside all the variables appearing in Fj for every j > m. 

We divide the proof in 3 steps. 

Step 1 The zero-dimensional case: 5t/i(£(0, . . . , 0, ai)) ~ A""! . 
Claim li: dim5i/i(£(0, . . . , 0, ai)) ^ nai. 

Let us denote £(0, . . . ,0,ai) by £. The zero-dimensional scheme Z of ai general points in 
P" has Gotzmann number ai and Hilbert polynomial ^(z) = ai. Moreover LT(/(Z)^a^) 5 £, 
because for every monomial X^ y X'^^ we can find some homogeneous polynomial of the 
type X'^ — Yl'j=i -^0 vanishing in the oi points of Z: we can find the bj^s solving a 

oi X ai linear system with a Vandermonde associated matrix. As both LT(/(Z)^a^) and £ 
are generated in degree ai, they coincide; so I{Z)^r £ <Sth{il) and we conclude since we can 
choose Z in a family of dimension nai. 
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Claim lii: ed 5th,(£(0, . . . , 0, ai)) ^ nai. 

The saturation of £ is the ideal Xn-i, ■ ■ ■ , X2, X"^), which is generated by n monomials; 
moreover there are only ai monomials of degree oi not contained in £): Corollary 14.81 leads 
to the conclusion. 

Step 2: If 5t/i(£(a„,...,a2,0)) ~ then 5f/,(£(a„, . . . , 02, ai)) ~ A^+"'^i. 

Claim 2i: dim5t/i(£(a„, . . . , 02, ai)) ^ dim5t/i(£(an, . . . , 02, 0)) + nai = K + nai. 

Let us denote £(a„, . . . ,a2,ai) by £ and £(a„, . . . ,a2,0) by £1. Let y be any closed sub- 
scheme in P"" such that I{Y)^r € Sth{S.i) and consider the set Z of ai points in P". If we 
choose the oi points in Z general enough, then I{Z UY) = I{Z) ■ I{Y). Then we conclude 
thanks to the previous step, as LT{I{Z)) = £(0, . . . ,0, ai) and £ = £1 • £(0, . . . ,0, ai). 

Claim 2ii: ed 5th(£(anj • • • 1 02) «i)) ^ ed 5t/j(£(a„, . . . , 02, 0)) + nai = K + nai. 

First of all, let us consider all the polynomials Fi such that Xq~"'^ \ LT(i<i) and the set 
of variables Ctp appearing in them such that = X^^X^-"^ for some monomial ^ £1: 
a multiple of X^ belongs to £ if and only the corresponding multiple of X^^ belongs to 
£1. Then Fi = XQ~°'^Fii + where the Fiis are the polynomials that appear in the 
definition of 5th(£i)- Using the S'-polynomials involving couples of such polynomials we see 
that L(£i) C L(£); thus all the variables Cip of this type are eliminable, except at most 
i<' = ed £1 of them. 

Moreover, for every i ^ n there are ai variables Cj^ such that X^ ^ £, X^ G £1: the are 
X?,----X^^X'l'-'Xlj = l,...,ai. 

If we specialize to all the variables of the two above considered types, the embedding 
dimension drops at most by ed 5t/j(£i) + nai = K + nai. 

Now it will be sufficient to verify that all the remaining variables Ci^p are eliminable, 
using Criterion 14. 6i 

Assume that Xf^ -< X^^ ■ ■ ■ X^^ and Xl'"-^ \ X^. 

• If i > n, all the variables are eliminable using those appearing in i^i, . . . , thanks to 
Corollary SSI 

• If i < n, using S{Fi, Fj), where LT(Fj) = X"'X[~'"'', we see that Cip G L(£). 

• If z = n, using S{Fn, Fn-i) = X2Xq^~^ Fn — we see that Cn/3 € L{2,) (note 
that by the previous idem Cn-iis' € -^(£))- 

Step 3: If £(a„, . . . , 02, 0) ~ A^^ then £(0^;, . . . , 02, 0) ~ A^^ where d is the maximal 
index < n such that 7^ and K2 = Ki + {n- d) (d+ 1) + - 1 (or i^2 = i^i + C""^") - 1 

if d does not exixsts). 

Here we compare the ideal £ = £(a„, . . . , 02, 0) in k[X\ and the ideal £1 = £(0^, . . . , 02, 0) 
in A;[Xo,... ,XJ. Observe that both j := sat(£) and ji := sat(£i) fulfill the hypothesis of 
Corollary HSlEil'; then it holds Sth{£) ~ Sth{}) and 5t/i(£i) ~ Sth{ji). The statement for 
the saturated ideals j and ji is proved using the same technique as above in Proposition 
4.5]. ■ 
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8 Examples 

In this final section we apply our technique to the Hilbert scheme TiiVo^^, studied by Gotz- 
mann in [5]. In that paper a complete list is presented of the Borel-fixed, saturated, monomial 
ideals of k[X(j, Xi, X2, X^] corresponding to points of TCilh^^. They are: 

b3 = (X|,X3X2,X|), 

bi = {X^,XsX2,XsXf,X2), 

^5 = {X^, X3X2, X3X1, X2, X2X1), 

be = {X3,X^,X2Xf), 

(recall that for us X^ >~ X2 >~ Xi >~ Xq). The index s in bg is the regularity of the ideal. 
Moving from this point, Gotzmann proves that there are two irreducible components: the 
first containing 63 with dimension 16 and the second (the Reeves-Stillman one) containing bg 
with dimension 23. Now we obtain a computational confirmation of this result and moreover 
we prove that the two components are reduced, rational and that they have a transversal 
intersection. 

Since the Gotzmann number of the Hilbert polynomial p{z) = Az is 6, we consider the 
truncated ideals ]s = (bs)^6- 

First of all, we consider )q: it is the lexsegment ideal £(0, 4, 2). In the previous section we 
proved that the Grobner stratum 5t/i(£(0, 4, 2), Lex) is an open subset of 7iiVo\^ and that it 
is an affine space; an easy computation gives the dimension 23. 

Now we will show that the ideals for s = 3 and s = 4 (it will not be necessary to examine 
55) are generated by a (6, ^s)-segment according to a suitable term ordering (depending 
on )s), that we will look for in the following way. 

We consider the partial order on the set W of the degree 6 monomials of A;[Xo, Xi, X2, X3] 
given by the term ordering condition of compatibility with the multiplication (as introduced 
in [H]), that is the transitive closure of the partial order: 

X^>X^ ^ X^ = Xi— — for some i>0. 

Xi^\ 

As shown in [18], the set of monomials of a fixed degree in a Borel-fixed monomial ideal is 
a filter for this partial ordering. For every ideal ]s we determine the minimal monomials in 
n js (with respect to >) and the maximal monomials in its complementary W \ )s. Then 
we look for a term ordering ■<s given by a matrix of the type: 



/ 1 


1 


1 


1\ 


a 


h 


c 


d 








1 





Vo 








1 / 



where a, 6, c, d should satisfy two conditions: 

i) a > b c'^ d {to respect the order on variables X3 y X2 y Xi y Xq); 

ii) (a, b,c,d) • /3 > (a, 6, c,d) - a for every minimal monomial X^^ in W H }s and maximal 
monomial X" in 1^ \ j^. 



21 



Of course in general no such a matrix exists, but if we can find it, then we can apply Corollary 
16.71 and say that the Grobner stratum St^Os, ^s) is an open subset of TYilbf^- 

js There are two minimal degree 6 monomials in 33: X^X2Xq and X2XQ and three maxi- 
mal elements in the complementary: X^Xf, X2Xf and XI^^Xq . The vector (3, 2, 1, 1) satis- 
fies the required conditions. Thanks to Corollary 14. 81 we know that Sth{h^ ^3) — <Sth{b3, ^3). 
Using a computer routine based on Definition 13.41 we obtain explicit equations for Sthib^, ^3) 
founding that it is an affine space of dimension 16. 

j4 The minimal degree 6 monomials in 34 are X^X2Xq, ^3X^X0, X|Xg, the maximal 
in the complementary are X^XiXq, XlXj' and the weight vector (15,5,2,1) satisfies the 
required conditions. By Corollarv 14.81 we can see that Sthiji, ^4) — <Sth{{b4)^3, ^4) and use 
the computer routine for an explicit computation of 5 = iSt/i((b4)^3, ^4). Initially there 
are 12-8 + 16 = 112 variables C, but most of them can be eliminated and the minimal 
embedding realizes S* as a subscheme of A^^. All the generators of the ideal f) of S* in its 
minimal embedding, that is as a subscheme of A^^, have a common linear factor K (more 
precisely K is Cia, the coefficient of the monomial X" = Xf in the polynomial Fi such 
that LT(Fj) = X3X^). Then S is the schematic union Si U 5*2 where Si ~ A^^. Looking 
at the ideals (K) of Si and (f) : K) of 52, it is easy to control that they have a transversal 
intersection. Finally the ideal (f) : K) of 5*2 presents some more eliminable variables. If we 
consider the minimal embedding of 52 we see that ^2 — A^^. 
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